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Geometric Descent Algorithms for Attitude Determination
Using the Global Positioning System

F. C. Park, ¤ Junggon Kim,† and Changdon Kee‡

Seoul National University, Seoul 151-742, Republic of Korea

This paperdescribes a set ofnumericalgradient-basedoptimizationalgorithmsfor solvingtheGlobalPositioning
System (GPS)-based attitude determination problem. We pose the problem as one of minimizing the function
tr( H N H TQ ¡ 2 H W) with respect to the rotation matrix H , where N, Q, and W are given 3 £ 3 matrices, and tr( ¢ )
denotes the matrix trace. Both the method of steepest descent and Newton’s method are generalized to the rotation
group by taking advantage of its underlying Lie group structure. Analytic solutions to the line search procedure
are also derived. Results of numerical experiments for the class of geometric descent algorithms proposed here are
presented and compared with those of traditional vector space-based constrained optimization algorithms.

Introduction

T HE Global Positioning System (GPS) has now entered the
mainstream of engineering and is beginning to � nd applica-

tions ranging from land and air traf� c control to surveying and air-
craft precision landing. In this paper we address the problem of
attitude determinationusing GPS and multiple antennas.Assuming
that cycle ambiguitiesare alreadyknown, the problem can be posed
as the minimization of a function on the rotation group SO(3) of
the form

J ( H ) = tr( H N H T Q ¡ 2 H W ) (1)

where H 2 SO(3) and N , Q, W are given 3 £ 3 matrices. We show
next how the usual formulation of the GPS-based attitude deter-
mination problem as given in the literature can be reduced to this
particular form, and we describe the physical meaning of the el-
ements constituting the various matrices. See Ref. 1 for a more
complete discussion and background on the various issues related
to GPS-based attitude determination.

The GPS-based attitudedeterminationproblem can be viewed as
an optimization problem on SO(3), and as is well-known, SO(3)
does not possess a Euclidean structure. There is both a well-
developed theory and an abundance of numerical algorithms for
constrained minimization of functions in Euclidean space, and it is
quite reasonable to apply such an algorithm to the precedingobjec-
tive function; the set of admissible solutions in this case would be
the 3 £ 3 real matrices H subject to the constraints H T H = I and
det( H ) =1.

In this paper we suggest an alternative approach that takes ad-
vantage of the geometric structure of the rotation group SO(3) and
recasts the problem as one of unconstrained minimization. More
generally,in the case of compact semisimpleLie groups like SO(3),
it is possible to exploit the geometric and algebraic structure of the
underlying space and derive computationally ef� cient generaliza-
tions of unconstrainedoptimizationalgorithms that were originally
intended for Euclidean space. In certain cases, and we show this to
be true for our attitude determination problem, the geometric ap-
proach leads to algorithmswith faster and more robust convergence
properties.

Various forms of the attitude determination problem have been
investigated in the aerospace literature. Closely related to our prob-
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lem is the Wahba problem,2 which can be posedas the minimization
of the function

J ( H ) = tr ( H F) (2)

where F 2 < 3 £ 3 is a given an arbitrary nonsingular matrix con-
structed from sensor measurements. Observe that setting N = I in
our original objective function results in the Wahba problem (as
does the trivial case of setting either N or Q to zero). Although not
widely known within the aerospace community, the Wahba prob-
lem also arises in the context of the optimal matching of two three-
dimensional point sets.3 ¡ 6 It can be shown (e.g., Refs. 7–9) that the
H which minimizes and maximizes J ( H ) are respectivelygiven by

H max = {V diag(1, 1, 1)U T , det(F) > 0

V diag(1, 1, ¡ 1)U T , det(F) < 0
(3)

H min = {V diag( ¡ 1, ¡ 1, 1)U T , det(F ) > 0

V diag( ¡ 1, ¡ 1, ¡ 1)U T , det(F ) < 0
(4)

where U and V are obtained from the singular value decomposition
(SVD) of F , i.e., F =U R V T (see Ref. 10 for a discussion on how
to choose U and V so that both H max and H min are proper rotation
matrices).

Under certain simplifying assumptions, the GPS-based attitude
determination problem reduces to the preceding form, but for the
general case it does not appear that a closed-form solution like that
for the Wahba problem can be derived. Numerical algorithms for
the solution of the Wahba problem have also been proposed in,
e.g., Refs. 7, 11–14, and in Ref. 15 a different optimality criterion
for attitude estimation is proposed and evaluated. For the general
GPS-based attitude determination problem, Cohen1 develops a re-
cursive algorithm for online estimation of the attitude that is based
on a linearization of the objective function. Axelrad and Ward16

present an extended Kalman � lter for GPS-based attitude deter-
mination expressed in terms of quaternions, whereas Axelrad and
Behre17 discussand compare several time and frequencyalgorithms
for estimating spinning spacecraft angular rates and orientation of
the angularmomentum vector using GPS phase data. More recently
Bar-Itzhack et al.18 have proposed iterative quaternion-basedalgo-
rithms for GPS-based attitude determination.

Although not directed speci� cally at GPS-based attitude deter-
mination, in related work a number of researchershave posed opti-
mizationproblemson SO(n) and investigatedtheir solutionsin a ge-
ometric setting. Brockett19 considers objective functions on SO(n)
of the form

J ( H ) = tr( H N H T Q) (5)

where N , Q aregiven symmetricn £ n matrices.He shows that a va-
riety of continuousand combinatorialproblems(e.g., the eigenvalue

26



PARK, KIM, AND KEE 27

problem, linear programming, sorting) can be posed as the mini-
mizationof such an objectivefunctionandderivesthecorresponding
gradient� ow equations.Chu,20 Bloch et al.,21 Helmke and Moore,22

and others (see, e.g., Brockett23 and the referencescited therein) ex-
amine thegeometryof theseand otherrelatedoptimizationproblems
on non-Euclidean spaces.

In this article we derive a class of numerical optimization algo-
rithms for GPS-based attitude determination that takes advantage
of the special structure of SO(3). Speci� cally, we present geomet-
ric versions of steepest descent and Newton’s method applicable to
our particular objective function on SO(3); in both these methods
the attitude is determined as the solution of an unconstrainedmini-
mizationproblem.After some geometricpreliminarieswe derivethe
detailedstepsof the geometricsteepestdescentalgorithm,including
methods for � nding the exact solution as well as rapid estimates of
the step size in the line search procedure. Newton’s method is then
generalized to our objective function. Results of numerical experi-
ments comparing the relative performanceof these algorithms with
standard minimization algorithms provided by MATLAB® are also
given.

The particular problem we address ignores a number of practi-
cal issues related to GPS systems that must be resolved in order
to obtain a complete solution, e.g., cycle ambiguity resolution, the
multipath problem, structural distortion caused by � exure and ther-
mal effects, tropospheric effects, and receiver-speci�c errors, all of
which are topics of current study. Nevertheless, the problem we ad-
dress is central to any attitude determination that uses GPS, and we
believe our results suggest a fundamentallydifferent and promising
approach to high-performanceattitude determination.

Geometric Preliminaries
In this section we review the geometric structure of the rotation

group SO(3) and formulate the GPS-based attitude determination
problem as the minimization of a certain second-order function on
SO(3). Some familiarity with matrix groups at the level of Ref. 24
is helpful but not required. The survey12 also provides a detailed
treatment of SO(3) and its various representations.

Exponential Coordinates on SO(3)
Recall that SO(3) consists of all 3 £ 3 real matrices H satisfying

H T H = I anddet H = 1. SO(3) hasthe structureofbothanalgebraic
group and a differentiablemanifold and is the classical example of
a Lie group (see, e.g., Refs. 25 and 26 for an in-depth discussion).
The Lie algebra of SO(3), denoted in lower-case as so(3), consists
of the 3 £ 3 real skew-symmetric matrices, i.e.,

so(3) = {S 2 < 3 £ 3 j S + ST = 0} (6)

with the Lie bracket [¢ , ¢ ]: so(3) £ so(3) ! so(3) de� ned by the
matrix commutator:

[S1, S2] = S1S2 ¡ S2S1 (7)

We introduce the following piece of notation. Given a vector x =
( x 1, x 2 , x 3) and a skew-symmetric matrix

S = é
ë

0 ¡ x 3 x 2

x 3 0 ¡ x 1

¡ x 2 x 1 0

ù
û

(8)

then

[x ] = S (9)

S = x (10)

Observe that [S1, S2] = [S1 £ S2], i.e., the Lie bracket on so(3) cor-
responds to the vector product in < 3 .

As with other Lie groups, the exponential map exp: so(3) !
SO(3) provides a set of local coordinates for SO(3). If x 2 < 3,
k x k =1, and h 2 < is an arbitrary scalar, then it is well-known that

exp([x ]h ) = I + sin h [x ] + (1 ¡ cos h )[x ]2 (11)

is an onto map with the followingphysical interpretation:exp([x ]h )
is a rotation matrix corresponding to a rotation about the axis x by
an angle h (in the right-hand sense). Conversely, given H 2 SO(3)
such that tr( H ) 6= ¡ 1,

log H = ( u / 2 sin u )( H ¡ H T )

where u satis� es 1 + 2 cos u = tr( H ), j u j < p , and k log H k 2 = u 2 .
The preceding formulas suggest the standard visualization of

SO(3) as a ball of radius p , centered at the origin with the an-
tipodal points identi� ed—a point p inside the ball represents a ro-
tation by an angle of k p k radians about the line passing from the
origin through p. The rotation matrices with trace ¡ 1 have a rota-
tion angle of p , and their logarithms are points on the boundary of
the solid ball. In this case log H can have two possible values: if
v is a unit eigenvector of H associated with the eigenvalue 1, then
log H = § p [v]. As will be familiar to many, the exponential and
logarithmare simply precise mathematicaldescriptionsof the Euler
angle and Euler axis representation for rotations.

We de� ne one additionalmapping, called the adjoint mapping: if
X is an elementof a Lie groupand x an elementof its corresponding
Lie algebra, then AdX (x) = Xx X ¡ 1 is an elementof the Lie algebra.
The following properties of the adjoint mapping on SO(3) can be
veri� ed via direct calculation and are used in what follows:

1) H [x ]H T = [H x ] for arbitrary H 2 SO(3) and x 2 < 3 .
2) Ad H 1 AdH 2 = Ad H 1 H 2 for arbitrary H 1, H 2 2 SO(3).
3) Ad H ([x 1 , x 2]) = [Ad H ( x 1), AdH ( x 2)] for arbitrary H 2

SO(3) and x 1 , x 2 2 so(3).
The last two identities are also valid for general Lie groups.

Minimal Geodesics on SO(3)
A natural way to de� ne lengths of curves on SO(3) is as fol-

lows. Let H (t ) be a differentiablecurve on SO(3) de� ned over the
closed interval 0 ·t ·1. It is easily veri� ed that both H T ÇH = X b

and ÇH H T = X s are elements of so(3). Physically X b and X s corre-
spond to the angular velocity expressed in body and inertial frame
coordinates,respectively.De� ne the inner product h ¢ , ¢ i on so(3) by

h X 1 , X 2 i = tr ( X T
1 X 2) = 2 X T

1 X 2 (12)

This inner product can be extended to the tangent space at an arbi-
trary point H of SO(3) by either left or right translation.In the case
of left translation,

h ÇH , ÇH i = h X b , X b i (13)

From the results of the preceding section, one can see that
h X s , X s i = h X b , X b i . Our particular choice of inner product on
so(3) therefore leads to an inner product on the tangent space of
SO(3) that is both left and right invariant, or bi-invariant.

The length of the curve H (t ) is then de� ned as

L = * 1

0

h ÇH , ÇH i
1
2 dt (14)

This de� nition of length is natural in the sense that it is invariant
with respect to both left and right translations,i.e., the lengthof both
R H (t ) and H (t)R for arbitrary constant R 2 SO(3) is the same as
that of H (t ). Given arbitrary endpoints H 0 , H 1 2 SO(3), the mini-
mum length curve H (t ) connecting these endpoints (referred to as
the minimal geodesic) is given by

H (t ) = H 0 exp(At), A = log ( H T
0 H 1) (15)

Note that the minimal geodesic corresponds to the minimum angle
eigenaxis rotation between two orientations. The exponential co-
ordinates provide a convenient and mathematically concise means
of representingand evaluatingminimal geodesicson SO(3). More-
over, theminimalgeodesicallowsone to extendthenotionofstraight
lines to curved spaces like SO(3) and provides the means for gener-
alizingthe steepestdescentmethodto minimizefunctionson SO(3),
as we show later.
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Fig. 1 Physical meaning of 4 Rij ,
bi, and sj.

GPS-Based Attitude Determination:
Problem Formulation

The standard formulation of the GPS-based attitude determina-
tion problem is to minimize the following objective function with
respect to a rotation matrix H :

min
H 2 SO (3)

m

î = 1

n

ĵ = 1

(4 ri j ¡ bT
i H s j )

2
(16)

where 4 ri j denotes the set of differentialrange measurements taken
at a single epoch for baseline i and satellite j , m, and n respec-
tively denote the number of baselines and satellites, bi 2 < 3 is the
i th baseline vector de� ned in the body frame, and s j 2 < 3 is the
line of sight to the j th satellite given in the local horizontal frame
(see Fig. 1 and Ref. 1). H , the optimization parameter, represents
the orientation of the body frame relative to the local horizon-
tal frame. De� ning R = (4 ri j ) 2 < m £ n , B = (b1, . . . , bm) 2 < 3 £ m ,
S = (s1, . . . , sn ) 2 < 3 £ n , the preceding objective function can be
recast into the following form:

m

î = 1

n

ĵ = 1

(4 ri j ¡ bT
i H s j )

2
= k R ¡ BTH S k 2

= tr{(R ¡ BT H S)(R ¡ BTH S)T }

= tr{BTH SST H TB ¡ 2BTH SRT + R RT}

= tr{H N H T Q ¡ 2H W} + tr{R RT }
(17)

where N = SST , Q = B BT , and W = SRT BT , and we have made
use of the general identity tr( ABC ) = tr(C AB) = tr(BC A). Be-
cause the last term is constant, it can be neglected, so that the ob-
jective function reduces to

min
H 2 SO (3)

tr{H N H T Q ¡ 2 H W} (18)

Observe that the objective function consists of the sum of a linear
and square term in H , with N , Q symmetric by de� nition, and W
arbitrary.

In Ref. 27 an even more general objective function is formulated
by introducing a weighting factor w i j :

min
H 2 S O (3)

m

î = 1

n

ĵ = 1

w i j (4 ri j ¡ bT
i H s j )

2
(19)

The net effect of introducing the weighting factor is that, although
the � nal form of the objective functionis still tr{H N H T Q ¡ 2 H W},
the matrices N and Q are no longer required to be symmetric. We
explain the main ideas of our algorithm for the symmetric case and
separately address the asymmetric case, which requires only minor
modi� cation of the symmetric results.

Steepest Descent Algorithm
The steepest descent method is one of the most basic and funda-

mental algorithms in numerical optimizationand serves as the basis
for more sophisticatedoptimizationalgorithms. Given an objective
function J (x) in Euclidean space, the steepest descent algorithm
consists of the following steps:

1) Find the gradientof the objective function at the present point.
2) Find the point on the line in the gradient direction that mini-

mizes the objective function (line search).
3) Repeat the preceding steps until convergenceoccurs.

Mathematically, the iteration can be expressed as

xk + 1 = xk ¡ a k r J (xk ) (20)

where

a k = arg min
a

J [xk ¡ a r J (xk )] (21)

A naturalmeans of extendingthe steepestdescentalgorithmto func-
tions on SO(3) is to conduct the line search along the minimal
geodesic in the direction of the gradient. In the next section we de-
rive the analytic gradient for our particular objective function and
discuss methods for performing an ef� cient line search along the
minimal geodesic.

Computing the Gradient
The gradient can be derived by examining the � rst-order term in

the series expansion of the objective function. We parameterize a
neighborhoodof H 0 2 SO(3) by

H ( X ) = H 0( I + X + X 2 /2! + ¢ ¢ ¢ ) (22)

with X 2 so(3). Then to � rst order in X , we have

tr{ H 0(I + X )N ( I ¡ X ) H T
0 Q ¡ 2 H 0(I + X )W }

= tr{ H 0 N H T
0 Q ¡ 2 H 0W } + tr{ H 0 X N H T

0 Q

¡ H 0 N X H T
0 Q ¡ 2 H 0 X W } + o( X ) (23)

Ignoring higher-order terms, and taking advantage of the fact that
N and Q are symmetric (for now—we treat the asymmetric case
separately in the following), the term linear in X can be simpli� ed
to

á (N H T
0 Q H 0 ¡ W H 0) ¡ (N H T

0 Q H 0 ¡ W H 0)
T
, X ñ (24)

where we have also used the easily established fact that

tr( A X ) = 1
2
tr{( A ¡ AT ) X } (25)

for any A 2 < n £ n and X 2 so(n) (i.e., X + X T = 0). The gradientof
the objective function at H is therefore represented by

h (N H T Q H ¡ W H ) ¡ (N H T Q H ¡ W H )T , ¢ i (26)

and the minimal geodesic passing through H 0 in the directionof the
gradient is given by

H (t ) = H 0e X t

X = (N H T
0 Q H 0 ¡ W H 0) ¡ (N H T

0 Q H 0 ¡ W H 0)
T

(27)

We can also express the gradient � ow using ÇH = X H as

H T ÇH = (N H T Q H ¡ W H ) ¡ (N H T Q H ¡ W H )T (28)

or

ÇH = H N H T Q H ¡ Q H N ¡ H W H ¡ W T (29)

The steepestdescentalgorithmis thereforegivenby the following
iteration:

Steepest Descent Algorithm:

X k = (N H T
k Q H k ¡ W H k) ¡ (N H T

k Q H k ¡ W H k )
T

(30)

tk = min
t 2 <

J ( H ke
X k t ) (31)

H k + 1 = H k e X k tk (32)

In thenext sectionwe discussmethodsforperformingthe linesearch
to � nd the stepsize tk .



PARK, KIM, AND KEE 29

Line Search
In this section we present an exact solution to the line-search

minimization problem, as well as an alternative formulation of
Brockett’s23 method for determining a step-size bound that ensures
a decrease in the objective function.

Exact Solution
In the case of SO(3), because an explicit formula exists for the

exponential coordinates, one can obtain the exact solution of the
line-search procedure by simply determining the roots of a fourth-
order polynomial. The method proceeds as follows. Recalling that
e X t = I + X sin t + X 2(1 ¡ cos t ) for unit length X , the line-search
minimization procedure can be expressed as

min
t 2 <

u (t ) = tr{H e X t Ne ¡ X t H T Q ¡ 2 H e X t W} (33)

Observe that u (t ) is periodic with period 2 p . Substituting for e X t

and simplifying, u (t ) can be expressed as

u (t ) = c1 sin t + c2 cos t + c3 sin2t + c4 cos 2t + c5 (34)

with the coef� cientsde� ned as c1 =a + c, c2 = ¡ b ¡ 2e, c3 = ¡ c/ 2,
c4 = ¡ (d /2) + (e /2), and c5 =b + d / 2 + 3e /2 + f , where

a = tr{( X N ¡ N X ) H T Q H ¡ 2 X W H }

b = tr{(N X 2 + X 2 N ) H T Q H ¡ 2 X 2W H }

c = tr{( X N X 2 ¡ X 2 N X ) H T Q H }

d = ¡ tr{X N X H T Q H }

e = tr{X 2 N X 2 H T Q H }

f = tr{N H T Q H ¡ 2W H }

An alternative means of determining the coef� cients that takes ad-
vantage of the periodicity of u (t ) is as follows:

g0 = u (0) = c2 + c4 + c5

g1 = u ( p / 2) = c1 ¡ c4 + c5

g2 = u ( p ) = ¡ c2 + c4 + c5

g3 = u ( 3
2
p ) = ¡ c1 ¡ c4 + c5

g4 = u ( p / 4) = c1 /
p

2 + c2 /
p

2 + c3 + c5

)

c1 = 1
2 (g1 + g3)

c2 = 1
2 (g0 ¡ g2)

c3 = g4 ¡ [(
p

2 + 1) / 4](g0 + g1) + [(
p

2 ¡ 1) / 4](g2 + g3)

c4 = 1
4 (g0 ¡ g1 + g2 ¡ g3)

c5 = 1
4
(g0 + g1 + g2 + g3) (35)

The � rst-order necessary conditions for a local minimum are
given by the roots of

d

dt
u (t ) = c1 cos t ¡ c2 sin t + 2c3 cos 2t ¡ 2c4 sin 2t = 0 (36)

Making the trigonometric half-angle substitution x = tan(x / 2),
so that sin t =2x / (1 + x2), cos t = (1 ¡ x2) / (1 + x2), sin 2t =
[4x(1 ¡ x2)]/ [(1 + x2)2], and cos2t = (x4 ¡ 6x2 + 1) / [(1 + x2)2],
the � rst-order necessary conditions reduce to the following fourth-
order polynomial in x :
(2c3 ¡ c1)x4 ¡ 2(c2 ¡ 4c4)x

3 ¡ 12c3x2 ¡ 2(c2 + 4c4)x

+ (c1 + 2c3) = 0 (37)

The optimal step size is given by the real root of the preceding
quartic (formulas for the roots of a quartic polynomialare available
in various mathematical references) that minimizes the objective
function u .

Step-Size Estimate
In Ref. 23 Brockett derives an estimate for the step size in the

steepestdescentminimizationof the function tr( H N H T Q). Specif-
ically, he derives an estimate for the t that minimizes

u (t ) = tr{Ad H e X t (N )} Q (38)

for given H , X , N , Q. In this section we derive a similar step-size
estimate for the objectivefunction tr ( H N H T Q ¡ 2 H W ). The basic
idea rests on the observation that for a scalar differentiablefunction
f (t ) such that f (0) > 0 and j f 0 (t ) j ·c for all t , then f (t) ¸ 0 in the
interval ¡ f (0) / c · t · f (0) / c. Similarly, if f 0 (0) > 0 and
j f 0 0 (t) j ·c for all t , then f 0 (t) ¸ 0 in the interval ¡ f 0 (0) /c ·t ·
f 0 (0) /c. If on the other hand we have f 0 (0) < 0 and j f 0 0 (t) j ·c for
all t , then f 0 (t ) ·0 in the interval f 0 (0) / c · t · ¡ f 0 (0) /c.

An estimate for the step size can now be obtained by a combi-
nation of the preceding result and the Cauchy–Schwarz Inequality.
Let J ( H ) = tr ( H N H T Q ¡ 2H W ), and

u (t ) = J ( H e X t ) (39)

= tr{Ad H e X t (N )Q} ¡ 2tr( H e X t W ) (40)

Then

u 0 (t ) = tr{AdH e X t (ad X N )Q} ¡ 2tr( H e X t X W ) (41)

and

u 0 0 (t ) = ¡ tr{Ade X t (adX N )ad X [AdH T (Q)]} ¡ 2tr( H e X t X 2W )

(42)

Because the adjointmapping Ad on SO(3) is an isometry,by apply-
ing the Cauchy–Schwarz Inequality to each term on the right-hand
side we obtain

j u 0 0 (t ) j · k adX (N ) k ¢ k ad X [AdH T (Q)]k + 2
p

3 k X 2W k (43)

Observing that u 0 (0) = ¡ 2tr{H N X H Q + H X W}and applyingour
earlier result if u 0 (0) < 0, then by choosing

t ¤ =
j u 0 (0) j

k adX N k ¢ k ad X [Ad H T (Q)]k + 2
p

3 k X 2W k
(44)

we can be assured u (t ¤ ) < u (0). Hence, at each step of the steepest
descentalgorithmthe objectivefunctionis guaranteedto decrease.If
u 0 (0) > 0, then setting t ¤ to have the opposite sign will accomplish
the same result.

The step-size estimate is meaningful only for steepest descent;
when used with other descent algorithms in which the search di-
rection does not coincide with the gradient, convergence of the al-
gorithm cannot be guaranteed. To understand why, observe that for
generaldescentalgorithms the search directionat each iterationwill
be of the form d = Ag , where g is the gradient direction and A is
some suitable square matrix (e.g., for steepest descent, A = ¡ I ).
The step-size estimate can be expressed in the form t ¤ = k u 0 (0) k / c,
where c is some suitable constant greater than or equal to k u 0 0 (t ) k .
Algorithmsusing the step-sizeestimatewill then convergeto a value
in which u 0 (0) = 0, or equivalently gd = gT Ag = 0. This result im-
plies that either g =0, which assures convergence to a local min-
imum, or when this is not the case, gT Ag = 0 with g 6=0. In the
case of steepest descent, because A is always equal to ¡ I this cor-
responds to the former case and convergence to a local minimum
can be guaranteed. However, for other descent algorithms in which
A is not always positive de� nite (e.g., Newton’s method, which we
discuss below), convergence to a local minimum cannot in general
be guaranteed.



30 PARK, KIM, AND KEE

Asymmetric Case
For the case of asymmetric N and Q, the steepest descent algo-

rithm is given by the following iteration:
Steepest Descent Algorithm (Asymmetric Case):

X k = (N H T
k Q H k ¡ H T

k Q H k N ¡ 2W H k )

¡ (N H T
k Q H k ¡ H T

k Q H k N ¡ 2W H k )
T

(45)

tk = min
t 2 <

J ( H ke
X k t ) (46)

H k + 1 = H k e X k tk (47)

Newton’s Method
The method of steepest descent method has linear convergence,

and one of its well-known disadvantages is that it converges ex-
tremely slowly near critical points where the Hessian of the objec-
tive function is poorly conditioned. Newton’s method, which uses
second-orderterms in theTaylorexpansion,in contrasthas quadratic
convergence. In this section we develop a Newton-type algorithm
for our GPS-based attitude determination problem.

The idea behind Newton’s method is that the function to be min-
imized is approximated locally by a quadratic function, and this
approximated function is then minimized exactly. In the case of
functions in Euclidean space, the function J (x) is approximated
near xk by the second-orderTaylor expansion

J (x) = J (xk ) + r J (xk)(x ¡ xk ) + 1
2
(x ¡ xk )T r 2 J (xk )(x ¡ xk ) (48)

where r 2 J (x) =@2 J / @x2 is the Hessian of J at x . Solving the
� rst-ordernecessaryconditionsand addinga step-sizeminimization
procedure,Newton’s algorithm can be expressed as

xk +1 = xk ¡ a k { r 2 J (xk )} ¡ 1
r J (xk )T (49)

where the step size a k is chosen to minimize J along the search
direction. Observe that replacing r 2 J (xk ) by the identity results in
the steepest descent algorithm.

Symmetric Case
To generalize this method to the symmetric form of our objec-

tive function, the � rst order of business is to expand the objective
function to second order about some H k :

J ( H ) = J ( H k ) + tr{2(N H T
k Q H k ¡ W H k) X }

+ 1
2
tr{2( N H T

k Q H k ¡ W H k ) X 2 ¡ 2H T
k Q H k X N X } + o( X 2)

(50)

where again we use left-translated exponential coordinates H =
H k (I + X + 1

2
X 2 + ¢ ¢ ¢ ) for theexpansion.The second-orderTaylor

expansion is of the form

J ( H ) = J ( H k) + tr(F X ) + 1
2
tr (A X 2 + B X C X ) + o( X 2) (51)

where F, A, B, C are given 3 £ 3 matricesand X 2 so(3). Newton’s
algorithm can be obtained by differentiating the preceding with re-
spect to X and setting it equal to zero and � nding the root X . The
following results are useful in this regard.

Proposition 1: Given F, A, B, C 2 < 3 £ 3 and X 2 so(3). Then,

[ @

@ X
tr(F X )] = F T ¡ F (52)

[ @

@ X
1

2
tr( A X 2)] = ¡ (T X + X T ) (53)

[ @

@ X
1

2
tr(B X C X )] = ¡ (M X N + N X M ) (54)

where T = 1
2 ( A + AT ), M = 1

2 (B + BT ), N = 1
2 (C + CT ).

The preceding identities can be veri� ed by a straightforwardcalcu-
lation.

Differentiating the terms up to second order in the expansion for
J ( H ) and setting the result to zero, one obtains

S ¡ T X ¡ X T ¡ M X N ¡ N X M = 0 (55)

where

S = 2{ (N H T
k Q H k )

T
¡ N H T

k Q H k + H T
k W ¡ W H k } (56)

T = N H T
k Q H k + (N H T

k Q H k )
T

¡ W H k ¡ H T
k W (57)

M = ¡ 2H T
k Q H k (58)

The root X can be solved in closed form as follows:

X = {M N + N M ¡ (tr M)N ¡ (tr N )M + (tr M tr N

¡ tr M N ) I + (tr T ) I ¡ T }¡ 1S (59)

The preceding equation can also be veri� ed by a straightforward
but involved calculation.

In summary, we can construct the following Newton-type iter-
ative procedure for solving the GPS-based attitude determination
problem:

Algorithm for Newton’s Method:

T = N H T
k Q H k + (N H T

k Q H k )
T

¡ W H k ¡ H T
k W (60)

M = ¡ 2H T
k Q H k (61)

S = 2{ (N H T
k Q H k )

T
¡ N H T

k Q H k + H T
k W ¡ W H k } (62)

H = M N + N M ¡ (tr M)N ¡ (tr N )M

+ (tr M tr N ¡ tr M N ) I + (tr T )I ¡ T (63)

X k = H ¡ 1S (64)

tk = min
t 2 <

J ( H ke
X k t ) (65)

H k + 1 = H k e X k tk (66)

Asymmetric Case
The algorithm for asymmetric N and Q can be obtained by a

straightforward modi� cation of the results for the symmetric case.
The resulting algorithm is as follows:

Algorithm for Newton’s Method (Asymmetric Case):

T = 1
2 (N H T

k Q H k + H T
k Q H k N ¡ 2W H k )

T

+ 1
2 (N H T

k Q H k + H T
k Q H k N ¡ 2W H k ) (67)

M = ¡ H T
k (Q + QT ) H k (68)

S = ( N H T
k Q H k ¡ H T

k Q H k N ¡ 2W H k)
T

¡ ( N H T
k Q H k ¡ H T

k Q H k N ¡ 2W H k) (69)

U = 1
2 (N + N T ) (70)

H = MU + U M ¡ (tr M )U ¡ (tr U )M

+ (tr M tr U ¡ tr MU ) I + (tr T ) I ¡ T (71)

X k = H ¡ 1S (72)

tk = min
t 2 <

J ( H ke
X k t ) (73)

H k + 1 = H k e X k tk (74)



PARK, KIM, AND KEE 31

Numerical Results
We now describe results of numerical experiments for evaluat-

ing the performance of the geometric algorithms considered in this
paper. One rather obvious strategy that we have not yet discussed
in this paper is to simply parametrize H by some suitable three-
parameter representation (e.g., Euler angles, exponential coordi-
nates) and solve the resulting unconstrainedminimization problem.
For comparison purposes we consider exponential coordinates, so
that the objective function is of the form

J (x) = tr(e[x]Ne ¡ [x]Q ¡ 2We[x]) (75)

where k x k · p . Other coordinaterepresentationsof SO(3) are pos-
sible, e.g., Euler angles, Rodrigues parameters, unit quaternions
(which involves four coordinates but introduces an additional con-
straint), etc. For our study we have not carried out a systematic
analysis of the effects of the particular choice of local coordinates;
some recent related work in this connection is that of Oshman and
Markley.28 However, preliminary experiments with these various
representationssuggest that the exponentialcoordinatesresult in the
fastest and most robust convergence properties for the algorithms
considered.

We apply two popular unconstrained minimization algorithms
provided by MATLAB: the Nelder–Mead-type simplex search
method and the BFGS quasi-Newton method [invoked by the com-
mands fmins( ) and fminu( ), respectively]. Becauseof the symbolic
complexity of the objective function, it is infeasible to determine
analytic expressions for the gradient and Hessian in terms of local
coordinates;these quantities are instead determined numerically by
the MATLAB routines. Also, like general user-speci�ed MATLAB
programs, both fmins( ) and fminu( ) are written as m-� les using

Fig. 2 Average convergence times.

MATLAB’s programming language. For uniform comparison the
geometric algorithms of this paper are therefore also implemented
as m-� les.

For all of the numerical experiments, the elements of N , Q, and
W , as well as the initial point H 0 , are generated using the random
function provided by MATLAB; this generates a value between 0
and 1 of uniform probability (the effects of scaling the values of
N , Q, and W are discussed next). The stopping criterion we use
is k H k + 1 ¡ H k k < 10 ¡ 4. Figure 2 shows the average computation
times for the various algorithms, taken over 100 trials for each al-
gorithm. In all cases the simulations are performed on a Pentium II
PC with a clock speed of 333 MHz.

As evident from Fig. 2, the geometric Newton’s method using
analytic gradients and Hessians displays the fastest average con-
vergence, followed by the BFGS quasi-Newton method as invoked
by fminu( ). Unlike the traditional Newton’s method for functions
in Euclidean space, quasi-Newton methods employ an approximate
Hessian that is much faster to compute than the actual Hessian. The
algorithm with the slowest average convergence is the steepest de-
scent method with exact step size. If we instead use the step-size
estimate for the line-searchprocedure,theaverageconvergencetime
improves dramatically by nearly a factor of 3.

To investigate the effects of programming language and com-
piler on algorithm performance,Fig. 2 also shows the average con-
vergence times for the steepest descent and Newton’s method, in
which the algorithms are now implemented in C+ + . The order of
performance of the three algorithms remains unchanged, although
in this case there is now only a moderate difference in performance
betweenusing the exact and estimated step sizes in steepestdescent.

We now consider the effects of scaling the values of N , Q, and
W , which were chosen randomly before from a uniformdistribution
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Fig. 3 Number of iterations vs stopping criterion tolerance.

between 0 and 1. Observe that scaling the matriceshas the net effect
of producing a relative scaling between the � rst and second terms
of the objective function, i.e., the objective function now is of the
form

Jc( H ) = tr(c H N H T Q ¡ 2 H W ) (76)

where c > 0 is an arbitrary constant scale factor. Experimental re-
sults indicate that the choiceof c has no effect on the averageconver-
gence times for the various algorithms.Rather, the toleranceused in
the stopping criterion has the greatest effect. Because for all of the
algorithms convergence time is proportional to the number of iter-
ations, Fig. 3 graphs the average number of iterations as a function
of the stopping tolerance criterion for steepest descent with exact
and estimated step sizes and Newton’s method.

Figure 2 also compares the averageconvergencetimes of steepest
descent with exact step size, Newton’s method with exact step size,
and MATLAB’s fmins( ) and fminu( ) for the case of asymmetric
N and Q. It also compares the relative performance of the steepest
descentmethodwith exactstepsizeand Newton’s methodwith exact
step size when the algorithms are implemented in C+ + . As in the
symmetriccase,Newton’s methodhas thebestaverageperformance,
whereas steepest descent with exact step size has the worst average
performance.

Finally, we observe that typical convergence times for the C+ +
implementation of Newton’s method result in computational per-
formance of approximately 60 cycles per second. We expect the
computationtimes for these algorithmscan be signi� cantly reduced
with improved hardware and software.

Conclusions
In this articlewe havepresenteda class of numericaloptimization

algorithms for solving the GPS-based attitude determination prob-
lem. By exploiting both the underlying geometric and algebraic
structure of the group of rotation matrices SO(3), ef� cient algo-
rithms that generalize to SO(3) the method of steepest descent and
Newton’s method were developed. Methods for analytically com-
puting the exact step size in the line-searchprocedure,as well as for
ef� ciently computing a step-size estimate, were also outlined.

The numericalperformanceof these algorithms is comparedwith
thoseof traditionaloptimizationalgorithmsintendedforminimizing

objectivefunctionsin Euclideanspace.As our primary performance
benchmarks, the objective function is � rst formulated in exponen-
tial coordinates and minimized using both the Nelder–Mead-type
simplex search method and the BFGS quasi-Newton method. Re-
sults of numerical experiments suggest that our geometric descent
algorithms, in particular Newton’s method, offer signi� cant perfor-
mance advantagesover traditionaloptimizationalgorithmsintended
for minimizing objective functions in Euclidean space.

As pointed out in the Introduction, the speci� c problem we ad-
dress is admittedly an idealized mathematical one and ignores a
number of practical issues that must be resolved either a priori
or simultaneously, e.g., cycle ambiguity resolution, the multipath
problem, structuraldistortioncaused by � exure and thermal effects,
tropospheric effects, and receiver-speci�c errors, all of which are
topics of current study. Clearly there are many additional issues
that need to be considered in developing a complete solution to the
GPS-based attitude determination problem, but we believe the ge-
ometric perspective offers a fundamentally different and promising
approach to attitude determination using GPS.
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